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1 | INTRODUCTION

| Wolfgang Roland?

Abstract

There are many industrial examples of low Reynolds number non-Newtonian
flows through rectangular ducts in polymer processing. They occur in all types
of manufacturing processes in which raw polymeric materials are converted
into products, ranging from screw extrusion to shaping operations in dies and
molds. In addition, they are found in numerous rheological measurement sys-
tems. The literature provides various mathematical formulations for non-
Newtonian flows through rectangular ducts, but—if not simplified further—
their solution usually requires use of numerical techniques. Removing the
need for these time-consuming techniques, we present novel analytical correc-
tion factors for the drag and pressure flows of power-law fluids in rectangular
flow channels. We approximated numerical results for a fully developed flow
under isothermal conditions using symbolic regression based on genetic pro-
gramming. The correction factors can be applied to the analytical theory that
describes the flow of power-law fluids between parallel plates to include effects
of the side walls in the prediction of flow rate and viscous dissipation.
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in a straight rectangular channel, the analyses provided
exact analytical solutions for the flow rate.

The analysis of polymer-melt flows in rectangular ducts
has been the subject of many studies. Numerous flow situ-
ations of various physical complexities have been formu-
lated mathematically and solved based on different
solution methods. The most prominent examples can be
found in a variety of textbooks.!"™ For rectangular ducts,
pure pressure flow was first addressed by Boussinesq,!”!
while the first mathematical model of a combined drag
and pressure flow was published anonymously!®! and later
extended by Rowell and Finlayson”J and Maillefer.'®!
Assuming the flow of an incompressible Newtonian fluid

The complexity of the mathematical model increases
when the shear-thinning behavior of polymer melts is
included, as the dependency of viscosity on shear rate leads
to nonlinear differential equations. For rotationally sym-
metric geometries, such as pipes and annular gaps, the flow
can be described by an ordinary differential equation with
one independent variable. For rectangular ducts, in con-
trast, the problem cannot be reduced to one dimension
without any further simplifications. Even for a purely vis-
cous fluid, the mathematical problem involves a partial dif-
ferential equation, solving which requires in most cases use
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of numerical methods. Middleman!®! applied a finite differ-
ence scheme to independently solve the drag and pressure
flows of a power-law fluid in a rectangular duct. He further
provided shape factors for selected processing conditions to
demonstrate the influence of the side walls on the dis-
charge rate. Later, Wheeler and Wissler''”! and Palit and
Fenner! ! computed the combined drag and pressure flow
for power-law fluids based on the finite-difference and
finite-element methods, respectively. To include polymers
with Newtonian plateau at low shear rate, Sochi''?! devel-
oped analytical solutions for the flow of Carreau and Cross
fluids in thin slits, which require a numerical procedure to
determine the shear rate at the channel wall.

Although recent progress in computer technology has
pushed back computational barriers to numerically solv-
ing increasingly complex flows, the need remains for fast
exact or approximate analytical solutions. Avoiding time-
consuming and computationally expensive numerical
techniques, analytical equations significantly reduce cal-
culation time and are therefore particularly useful in
time-critical applications such as practical design and
optimization tasks. One approach to removing the need
for numerical methods is to apply correction factors to
the existing analytical theory available for basic geome-
tries. Assuming the flow of a Newtonian fluid, Rauwen-
daal*?! approximated the exact closed-form analytical
solution for a combined drag and pressure through a rect-
angular duct to derive shape factors for the drag and pres-
sure flows in the form of linear functions:

(1)
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These expressions were developed for typical values
of the aspect ratio of metering channels in single-screw
extruders (h/w < 0.6). Focusing on the pressure flow of
power-law fluids through rectangular ducts, a few
authors proposed correction factors to include wall effects
in the prediction of the flow rate or pressure drop. Schen-
kel ! developed a set of analytical approximations
for different aspect ratios. Similarly, K&pplmayr and
Miethlinger[15J introduced a correction factor using a
second-order polynomial function (Equation 3), whose
coefficients depend on the power-law index.

2
fp,Ka(%> +b%+c (3)

In contrast, White and Huang!'®! (Equation 4) intro-

duced generalized relationships for the correction factor

that are continuous across their whole applications
range. While the theories presented in Rauwendaal,
Schenkel and White and Huangm’m’16J proposed correc-
tions to the flow rate, Equation (3) was designed to adjust
the pressure drop. Lang and Michaelil'”! derived correc-
tion functions to include ducts of irregular cross section.

1

— (4)
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We have developed new analytical correction factors
for the flow of a power-law fluid in rectangular channels
of finite width. Particular attention was paid to the calcu-
lation of the flow rate and viscous dissipation of a drag
flow and a pressure flow. Numerical simulations were
carried out for a fully developed flow under isothermal
conditions. The primary aim was to approximate the dif-
ference between (i) numerical solutions obtained for the
flow in finite channels and (ii) exact analytical results
available for the flow in infinite channels by using sym-
bolic regression based on genetic programming. The cor-
rection factors can be applied to account for the effects of
the side walls in predicting the volume flow rate and the
viscous dissipation of drag and pressure flows in rectan-
gular ducts. These flows can be found in a variety of
polymer-processing machines including most promi-
nently screw extrusion, dies, and molds. Avoiding numer-
ical methods, the correction factors were designed to
increase prediction accuracy in the analysis of drag and
pressure flows in a broad range of equipment. Applica-
tion fields range from design and optimization to trouble-
shooting tasks.

2 | ANALYTICAL MODELING

2.1 | Problem definition

In the first step, we derive the governing equations for
the flows under investigation. Let us consider a straight
rectangular duct of width w and height h with Cartesian
coordinates oriented as shown in Figure 1. Two physical
conditions are investigated: (i) a drag flow, where the
upper plate moves in the down-channel direction z at
velocity vp; and the pressure difference between channel
inlet and outlet is zero, and (ii) a pressure flow with sta-
tionary boundaries governed by a down-channel pressure
gradient dp/dz. In most polymer-processing operations,
the flow is governed either by a relative motion of one or
more boundaries of the flow channel or by the presence
of pressure gradients in the flow domain. In some appli-
cations, a combination of both flow components can be
found such as in the metering zone of screw extruders.
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FIGURE 1

Rectangular flow channel of height h and width w.

Assuming the flow of a Newtonian fluid, the discharge
rate in this example results from a linear superposition
of a drag and a pressure flow. The linear superposition,
however, is invalid for shear-thinning fluids, where the
flow components are interrelated due to the depen-
dency of viscosity on shear rate and the fluid velocities
are more complex than the drag and pressure flow
velocities profiles linearly superimposed. Complexity is
further compounded by the combined effect of shear in
all directions of the screw channel. The literature pro-
vides various numerical analyses of a combined drag
and pressure flow of power-law fluids between parallel
plates. Examples include Rotem and Shinnar,"® Nar-
kis and Ram,!"°! and Roland and Miethlinger.**! The
validity of the linear superposition was examined by
Kroesser and Middleman,*!! who compared the rela-
tive errors between numerical solutions of the com-
bined drag and pressure flow and those resulting from
the superposition principle.

We start the analysis by simplifying the conservation
equations of mass, momentum, and energy. The follow-
ing assumptions are made: (i) the flow is independent of
time, fully developed, and isothermal, (ii) the fluid is
incompressible and wall-adhering, and (iii) gravitational
and inertia forces are omitted. On the basis of these sim-
plifications, the continuity and the energy equations van-
ish, and the problem is described by the momentum
equation in the z direction, which reduces to a nonlinear
partial differential equation with one nonzero velocity
component v, =f(x,y):

op_ v 0ty 5
Jdz oJdx dy’

Note that for pure drag flow, the down-channel pres-
sure gradient is zero (dp/dz=0) and the inhomogeneous
part of the momentum equation vanishes. Considering a
fully developed flow under isothermal conditions allows
both the continuity and the energy equations to be omit-
ted. To express the stress responses in the momentum
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equation, the polymer melt is treated as an inelastic vis-
cous fluid described by the following generalized
Newtonian-fluid constitutive equation:

7=2nD,

(6)

D:%(LJrLT), L=Vv, (7)

where the stress tensor 7 is related to the rate-of-deforma-
tion tensor D obtained from the symmetric part of the
velocity-gradient tensor L. The shear-thinning behavior
of the polymer melt is modeled by a power law
(Equation 8), where K is the consistency and n the
power-law exponent. The latter is a measure of the shear-
thinning behavior of the polymer melt; the lower the
power-law exponent, the more shear-thinning the fluid.

n=Kly"". (8)

The magnitude of the shear rate is related to the sec-
ond invariant of the rate-of-deformation tensor. For an
incompressible fluid, it is calculated by:

7| =+/2(D:D). (9)

With these definitions, the viscosity of the polymer
melt is obtained from:

AN GANES
ox ady

The power law has been widely used to approximate
the viscosity behavior of polymer melts in various flow
analyses. A disadvantage of the model is that it is incapa-
ble of describing the Newtonian plateau at low shear
rates, where it predicts an infinite value for the zero-shear
viscosity. This might be problematic for pressure flows,
where the shear rate varies from a zero value on the sym-
metry axis to a maximum value at the wall. A more com-
plex viscosity function that accurately approximates the
rheological behavior of polymer melts in the terminal pla-
teaus, the shear-thinning regime, and the transitions
between them is the Carreau-Yasuda model'*>23!:

n=K (10)

nc—1

1) X+ (7)), (11)

e =M + (1o

where 7, and 7, are the zero-shear and infinite-shear vis-
cosities, respectively, 1 is the characteristic relaxation
time, and n¢ the Carreau-Yasuda power-law index. The
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parameter a defines the width of the transition between
the Newtonian plateau and the shear-thinning region. To
combine the simplicity of the power law and the accuracy
of the Carreau-Yasuda equation, the model parameters
of the latter can be transformed into equivalent power-
law parameters. On a log-log scale, the power law is a
linear function and can be considered as local tangent to
the Carreau-Yasuda model at any given shear rate,
which may be obtained from:

(12)
The local power-law parameters result from the slope

and the intercept of the tangent:

nc—1

(11 —1eo) (nc —1) (Weff)a(l + (”eﬂ’>a) i

n=1+ it
Moo+ (110 = 1eo) (1 + (Me;f) )
(13)
K=not (1) (1+ (M) ) " 7™ (14)
Finally, the momentum equation is written as:
dp d [ dv, d [ dv,
Lo (22 ) = ==). 1
Iz ax<”ax>+ay<'7 Iy (15)

Solving Equation (15) in combination with
the corresponding boundary conditions in Table 1 yields
the down-channel velocity profiles of drag and pressure
flows, whose volume flow rates result from:

V:/vz(x,y)dA. (16)

The total viscous dissipation rate per unit down-
channel length is obtained by integrating the specific dis-
sipation rate over the cross-sectional area, which is part
of the energy equation (g, =7 :L):

Ous = / G (0,9) dA. (17)

. FIA v,
qdiss”l(ﬁ) +<8—y) .

(18)

TABLE 1 Velocity boundary conditions.
Coordinates Drag flow Pressure flow
x y Ve Ve
0 y 0 0
w y 0 0
X 0 0 0
x h Vbz 0
2.2 | Theory of similarity

For convenience, the governing flow equations are trans-
formed into a dimensionless form by using the theory of
similarity. To this end, a set of dimensionless variables is
introduced:

X

Y
5ZWa V/:E7 Ve=—. (19)

Traditionally, two dimensionless systems have been
used, in which the reference velocities are defined as:

Vref,1 = Vbz = V7 COS(). (20)
4
Vref,2 :V:m. (21)

The first (Equation 20) is commonly applied in the
analysis of combined drag and pressure flows in unrolled
metering channels of single-screw extruders and
describes the down-channel velocity of the moving barrel
surface.”*! The second (Equation 21) is typically
employed in the modeling of pure pressure flows with
stationary boundaries as found in dies, molds, or melt-
filtration systerns.IZSJ In this analysis, we use both defini-
tions of the reference velocity to derive two dimension-
less formulations of the nonlinear boundary value
problem. While the correction factors are then developed
based on the reference system of a combined drag and
pressure flow, we additionally illustrate how the results
can be transformed to the reference system of a pure
pressure flow. The viscosity in Equation (10) is rewrit-
ten to:

n-1
*777}1”*17 h\? v, 2 av, 2
o |) () + (5)

(22)
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The momentum equations to be solved for each refer-
ence system are then:

o1, — P9 (e L9 (2 (23)
P2~ \yw) 2e\" 3¢ ) Tau\"T 5y )
~ W\ 9 (v, d [ v
M () 50 %) 3 (r5) o
where the dimensionless pressure gradients are
defined by:
/hn+1
p'z:pz n (25)
6KV,
=N p/ hn+1
PZ_N ZI<|Vn (26)

Finally, flow and dissipation rates are expressed in
dimensionless form:

. 1 1
2V
Hvzthbyzzzo/.()/Vz(é:,l//)dédv/ (27)
. 1 1
Tyg=1= [ [ewasan
"“why ) ] * % %
0 0
Qush [ ]
Q:ﬁ: / /”Q(‘f,l//) dédy (29)
ref Y
with:
h 2 avz 2 avz 2 nTH
e [<E> <a—g> + (@) (30)

Table 2 summarizes the dimensionless boundary condi-
tions of the nonlinear partial differential Equations (23) and
(24). While exact analytical solutions are available for a
Newtonian fluid with n=1,!?! shear-thinning fluids with
n<1 give rise to a nonlinear boundary value problem,
whose solution requires use of numerical methods. The
results presented in this work were obtained by using the
finite-volume method.
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TABLE 2 Dimensionless velocity boundary conditions.
Coordinates Drag flow Pressure flow
4 Vz Ve
0 W 0 0
1 0 0
3 0 0 0
& 1 1 0
2.3 | Correction factors

To consider the effects of the side walls on flow and dissi-
pation rates, we derived correction factors for the non-
Newtonian flows. To this end, we used the dimensionless
model of a combined drag and pressure flow (reference
system 1), in which the reference velocity is defined by
the velocity of the moving barrel surface in Equation (20).
The numerical results were related to exact analytical
solutions available for the simplified case in which the
channel is infinitely wide. For shallow channels with
h/w< 0.1,|3| the flow can be assumed to occur in the y-z
mid plane. In this simplified model, the dependency of
the down-channel velocity v, on the cross-channel coor-
dinate x can be ignored and the problem reduces to a
nonlinear ordinary differential equation. Physically, this
means that the side-edge effects are omitted. Under these
conditions, the dimensionless flow and dissipation rates
as defined in Equations (27) and (29) are equal to one in
the case of a drag flow:
Hya=1, oq=1 (31)
For a pressure flow in the first reference system, in
contrast, the target variables are obtained from the fol-
lowing relationships!*°':

y,= sign(np,z)mmp,zﬁ (32)
3'174rl n nil
Qp 2n+1| Pz (33)

The correction factors were defined as the ratios of
the numerical results obtained for the rectangular duct
and the corresponding exact analytical solutions for the
flow between parallel plates:

11 V.sim 11 Q,sim
fa= =

— | fadiss = : 34
HV,d d,diss HQ,d ( )
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